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Abstract. The paper is a contribution to formation of a library of sets of frequency response functions of different
orders, for complex kinetic mechanisms typical for adsorption on bidispersed sorbents. The first and second order
frequency response functions have been derived starting from a general model, taking into account macro-pore
diffusion, micro-pore diffusion, adsorption/desorption kinetics at the micropore mouth and film mass transfer at the
particle surface. Simplified models, which neglect one or more mass transfer resistances, were also considered. The
frequency response functions were derived for isothermal case, constant diffusion coefficients and planar geometry.
The first and second order functions were simulated for the general and for some special cases. Based on these
simulation results, some characteristic patterns of the amplitude and phase functions, corresponding to different

cases, have been recognized. These patterns can serve as a basis for model and mechanism identification.
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Introduction

Nonlinear frequency response (FR) is a quasi-
stationary response of a nonlinear system to a periodic
sinusoidal or cosinusoidal change of the input. Con-
trary to linear FR, which consists only of the first (basic)
harmonic of the same frequency as the input, nonlinear
FR also contains a DC (nonperiodic) term and an in-
definite number of higher harmonics. A convenient tool
for treating nonlinear FRs is the concept of higher or-
der frequency response functions (FRFs) (Weiner and
Spina, 1980), which is based on replacing the nonlinear
model G with an indefinite sequence of linear FRFs of
the first (G(w)), second (G2(w, w) and Gy (w, —w)),
third (G3(w, w, ) and G3(w, w, —w)), etc. order, such
that G (w) corresponds to the dominant term of the first
harmonic, G,(w, w) to the dominant term of the second
harmonic, G,(w, —w) to the dominant term of the DC
component, G3(w, w, ®) to the dominant term of the
third harmonic, . . . ,of the system response to a cosinu-
soidal input of frequency w (Weiner and Spina, 1980).

Nonlinear frequency response and the concept of
higher order FRFs have been proven as useful tools

for investigation of weakly nonlinear dynamic sys-
tems. Being weakly nonlinear, adsorption systems
are good candidates for this method. In our pre-
vious work we have applied it to analysis of the
most common single isothermal mechanisms of ad-
sorption kinetics (micropore diffusion, macropore-
surface diffusion, Langmuir kinetics or film control)
(Petkovska and Do, 2000) and to some characteris-
tic cases of more complex mechanisms (nonisothermal
micropore diffusion (Petkovska, 2000; Petkovska and
Petkovska, 2003) or two simultaneous isothermal mi-
cropore diffusion processes (Petkovska and Petkovska,
2003)). These investigations have shown two important
results:

1. The second order FRFs corresponding to different
mechanisms have different shapes, which can be
used for their discrimination (Petkovska and Do,
2000; Petkovska and Petkovska, 2003) and reliable
identification of the correct kinetic model.

2. The FRFs can be used for estimation of both kinetic
and equilibrium parameters of the identified model
(Petkovska, 2000).



498 Petkovska

One of the crucial steps in application of the nonlin-
ear FR method in investigation of adsorption kinetics
is formation of a library of sets of theoretically de-
rived FRFs on the particle scale, corresponding to dif-
ferent kinetics mechanisms (Petkovska, 2001), which
can be used for comparison with experimental FRFs
(FRFs estimated from experimental FR data). This pa-
per is a contribution to formation of such a library, for
complex kinetic mechanisms characteristic for bidis-
persed adsorbents. In such systems, diffusion on both
macro-particle (pellet) and micro-particle scale usually
influence the overall adsorption rate. Often, the adsorp-
tion/desorption rate at the micropore mouth and/or the
film mass transfer at the macro-particle surface also
have to be taken into account. In case of significant
heat effects, the heat generation and transfer have to be
taken into account, as well.

Depending on the kinetic parameters in a particular
system, the overall rate of the adsorption process can be
defined by a single mechanism, or by combination of
two, three or all four mechanisms. A detailed analysis
of this problem is given in (Do, 1990).

The theoretical nonlinear FR analysis generally con-
sists of four main steps:

1. Setting up the nonlinear mathematical model;

2. Derivation of the FRFs of different orders corre-
sponding to the defined model;

3. Analysis of the derived FRFs, defining the main fea-
tures of the FRFs corresponding to the investigated
mechanism, in order to facilitate its reliable discrim-
ination from other mechanisms;

4. Development of procedures for estimation of the
equilibrium and kinetic parameters from the FRFs.

Owing to the limited volume of this manuscript and
to the great complexity of Step 4, the analysis in this
paper will be limited to the first 3 steps. As our pre-
vious investigations have shown that the second order
functions give enough information for model discrim-
ination (Petkovska and Do, 2000), only the first and
second order FRFs will be derived and analyzed. The
analysis will also be limited to isothermal conditions
(negligible heat effects).

Definition of the Model Equations

The general isothermal model, in which the kinetics
of diffusion on both macro- and micro-particle scale,
as well as the adsorption/desorption kinetics and the

film mass transfer resistance are taken into account,
is postulated, using the following assumptions: Fick-
ian diffusion both on the micro- and macro-particle
scale; Langmuiran adsorption kinetics at the micro-
pore mouth and linear driving force in the stagnant
film at the particle surface. The mathematical model
on the particle scale can be defined by the following
equations:

— The material balance for the micro-particle:

0 1 o o 0
80 _ ——(m“Du af“) (1)
y

ot ry 0ry

with the boundary conditions:

90,

=0:
T ary,

=0 )

90
Iy = R/L : Du# = Kﬁlci(Q/LO - Qu,) - KdQ[l.
"

3

— The material balance for the macro-particle:
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The boundary conditions for Eq. (4) are:
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— The mean value of the concentration in the particle:
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The following notaions were used in Eqgs. (1)—(7):
independent variables: t is time, r the spatial coor-
dinate of the macro-particle and r, the spatial co-
ordinate of the micro-particle; concentrations: Cp—
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adsorbate concentration in the bulk fluid around the
particle, Q— total adsorbate concentration (in the pores
plus adsorbed) in the particle at position r, C;—
adsorbate concentration in the fluid phase within the
particle pores, at position r, Q;—adsorbate concen-
tration in the solid phase at position r, equal to the
mean concentration in the micro-particles at that po-
sition, Q,— adsorbate concentration in the micro-
particle at position r,, Q,o—concentration in the mi-
cropores corresponding to maximal coverage, (Q)—
mean concentration in the macro-particle; rate param-
eters: D ,—pore diffusion coefficient, D,—micropore
diffusion coefficient, K,—adsorption rate constant,
K ;—desorption rate constant, k,—film mass trans-
fer coefficient; other parameters: R—macro-particle
half-dimension, R,—micro-particle half-dimension, ¢
particle (macro)porosity, c—the macro-particle shape
factor, o,,—the micro-particle shape factor (the shape
factor is O for planar, 1 for cylindical and 2 for spherical
geometry).

In case of fast adsorption/desorption kinetics, when
equilibrium is practically established at the micropore
mouth, the boundary condition (3) is transformed in
the following way:
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where @ is the adsorption isotherm relation (generally
nonlinear), which has been represented in a Taylor se-
ries form, for convenience.

On the other hand, if the mass transfer resistance
of the film at the particle surface is negligible, the

eCy + (1 — 8)KaCs(Q/40 - Q;L.v)/(Kd + K,Cy)

boundary condition (7) becomes:
r=R:C;=C, (10)

Also, depending on the time constants corresponding
to diffusion on the micro- and on the macro-particle
scale, one or the other mechanism can determine the
overall rate of the adsorption process.

Frequency Response Functions

The general procedure for derivation of frequency re-
sponse functions of different orders have been de-
scribed in detail in Petkovska (2001). Following this
procedure, the first and second order FRFs were de-
rived for the general model given by Eqs. (1)-(8).
For convenience, the model equations were first trans-
formed in such a way that all concentrations were de-
fined as nondimensional (relative) deviations from their
steady-state values. The derived FRFs are defined on
the particle level, i.e. they correspond to the response
of the nondimensional deviation of the mean concen-
tration in the particle (g) = ((Q) — (Q;)/(Q); to cos-
inusoidal change of the nondimensional concentration
of the adsorbate in the bulk fluid around the particle
¢, = (Cp — Cy)/Cs.

Owing to the limited space here, the derivation pro-
cedure will be omitted. The derived expressions for the
first- and second-order FRFs are listed below. These
expressions were obtained for constant diffusion co-
efficients (D, = const, D, = const) and for planar
micro- and macro-particle geometry (o, = 0, o = 0).

First order FRF

This function corresponds to the dominant term of the
first harmonic of {(g).
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Second Order FRFs

Two second order FRFs can be defined: one corre-
sponding to the dominant term of the second harmonic

of (q):
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and the other corresponding to the dominant term of the DC component:
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For special cases, i.e. for simpler models, these ex-
pressions simplify, in the following way:

— For negligible film mass transfer resistance
y(w) —1;

— For fast adsorption-desorption and equilibrium at
the micropore mouth ¢(w) —1;

— For fast diffusion on the micro-particle level (high
Du/Ri)CD(,B\/wRM) —1;

— For fast diffusion on the macro-particle level (high
D,/R*)®(a/wR) —1.

Simulation and Analysis

A number of models of different complexity can be de-
rived from the general model defined by Eqs. (1)—(8)
(Do, 1990). We will limit our analysis to four models,
with two, three or four mass transfer mechanisms in-
fluencing the overall adsorption rate, all of them based
on the existence of two major mass transfer resistances

in the adsorption particle, on the micro- and on the
macro-particle level:

— MODEL 1—the micropore-macropore model. This
model is obtained from the general one for negligi-
ble mass transfer resistance in the stagnant film and
at the micropore mouth.

MODEL 2—the micropore-macropore-adsorption
model. This model takes into consideration the finite
adsorption/desorption rate at the micropore mouth,
but neglects the film mass transfer resis-
tance.

MODEL 3—the micropore-macropore-film model.
This model takes into account the film mass transfer
resistance, but assumes equilibrium at the micropore
mouth.

MODEL 4—the micropore-macropore-adsorption-
film model. This is the general model taking into
account all four mechanisms of mass transfer.
Equations (1)—(8) and (11)—(20) correspond to this
case.
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Figure 1. The first and second order FRFs for MODEL

(micropore-macropore mechanism).
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Figure 2. The first and second order FRFs for MODEL 2

(micropore-macropore-adsorption mechanism).
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Figure 3. The first and second order FRFs for MODEL 3

(micropore-macropore-film mechanism).

Table 1. Summary of the high-frequency behavior of the first

and second order FRF:s for the four models analyzed.

Slope of the amplitude for w — oo

Phase for o — oo

Model Gi(w) Gar(w,w) Ga(w,—w) Gi(w) Gaw,w)
1 —-05 -—1.0 —05 —n/4  —3m/2
2 —-05 =20 -1.0 .

3 -1.0 =25 -15 —n/2  —9m/4
4 -1.0 =35 -20 —n/2 —lln/4
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Figure 4. The first and second order FRFs for MODEL 4
(micropore-macropore-adsorption-film mechanism).

The first and second order FRFs were simulated for
these four cases. A choice of the simulation results,
corresponding to MODELS 1, 2, 3 and 4 is given in
Figs. 1-4, respectively. Standard Bodé plot representa-
tion is used in these figures (amplitudes in log-log and

phases in semi-log diagrams).

The results presented in these figures correspond to
equal time constants for all mass transfer mechanisms

taken into consideration (100 s).

Some of the characteristic features of these func-
tions can be observed in the high frequency range: the
slopes of the amplitudes and the asymptotic values of
the phases, for w — o0o. These features are summarized
in Table 1, for the four models analyzed.

Conclusions

The analysis of the high frequency asymptotes of
the first and second order FRFs for four com-
plex mechanisms (micropore-macropore, micropore-
macropore-adsorption, micropore-macropore-film and
micropore-macropore-adsorption-film) shows that the
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slopes of the high-frequency asymptotes of the ampli-
tudes of G, (w, w) and G, (w, —w) as well as the high-
frequency asymptotes of the phases of G,(w, w) have
different values for all four models. Using this fact,
one could identify the correct model for adsorption on
a bidispersed sorbent (i.e. the mechanisms playing role
in it), supposing that nonlinear frequency response ex-
perimental data, which could be used for estimation of
the first and second order FRFs, were available.
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